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Abstract

In this paper we present deterministic fully dynamic algorithms for
maintaining several properties on undirected graphs subject to edge
insertions and deletions, in polylogarithmic time per operation. Com-
bining techniques from [6, 10], we can maintain a minimum spanning
forest of a graph with % different edge weights in O(klog®n) amor-
tized time per update; maintain an 1+4e-approximation of the mini-
mum spanning forest in O(log® nlog(U(1 + €))/log(1 + €)) amortized
time per update, where edge weights are between 1 and U; test if
a graph is bipartite in O(1) worst-case time, supporting updates in
O(log? n) amortized time; test if the removal of k given edges discon-
nect the graph (k-edge witness problem) in O(klog?® n) amortized time,
supporting updates in O(log®n) amortized time; maintain a maximal
spanning forest decomposition of order k in O(k log? n) amortized time
per update. For all these problems, our algorithms match the previ-
ous best randomized bounds, and improve substantially over the best
deterministic bounds.

1 Introduction

Graph algorithms are fundamental tools in many areas of computer
science, including communication networks, development of optimiz-
ing compilers, VLSI design, and planning. In recent years there has
been a growing interest in dynamic graph algorithms, that is, algo-
rithms that maintain some properties on graphs subject to edge (or
vertex) insertions or deletions more efficiently than recomputing them
from scratch after each change. This interest is motivated by theo-
retical as well as practical reasons [15]. If only edge insertions (resp.



deletions) are allowed, the algorithm is said incremental (resp. decre-
mental); if both are allowed, the algorithm is fully dynamic. In this
paper, we will focus on edge-dynamic graph algorithms, in which a
given property is maintained on a graph subject to the following op-
erations: (1) insertion of an edge e; (2) deletion of an edge e, and (3)
test if the graph fulfills the property.

In the last years, a lot of work has been done in fully-dynamic
graph algorithms for undirected graphs [1, 3, 6, 7, 8, 9, 10]. In [6]
was described a randomized connectivity algorithm for maintaining a
spanning forest of a dynamically changing graph in polylogarithmic
expected time per update. In the same paper were also presented
randomized algorithms for maintaining dynamic graph properties in
polylogarithmic (expected) time per update, by reduction to the dy-
namic connectivity problem. These reductions were quite general,
and independent from the connectivity algorithm. In [9], the same
reductions were applied with an improved randomized connectivity
algorithm, strengthening the previous bounds by a logarithmic factor.
Very recently, Holm, de Lichtenberg and Thorup [10] gave a determin-
istic algorithm for maintaining a spanning forest of a dynamic graph
in O(log2 n) amortized time per update, matching the previous best
randomized bound and improving substantially over the previous best
deterministic bound of O(n'/3logn) [7].

In this paper, the general techniques from Henzinger and King [6]
are applied together with the deterministic dynamic connectivity al-
gorithm of Holm et. al. [10], resulting in deterministic algorithms
for maintaining the following properties on dynamic graphs with n
vertices: k-weight Minimum Spanning Forest in O(klog?n)! amor-
tized time per update; 1+4e-approximate Minimum Spanning Forest
in O(log® nlog(U(1 + ¢))/log(1 + €)) amortized time per update; bi-
partiteness in O(log?n) amortized time per update, and O(1) worst-
case time per query, improving the previous best deterministic bound
of O(n'/3logn) per update [7]; k-edge witness problem in O(log?n)
amortized time per update, and O(klog? n) amortized time per query;
the previous best deterministic bounds were O(n!/3log n) amortized
time per update and O(kn'/3logn) amortized time per query [7];
cycle-equivalence in O(log2 n) amortized time per update and query,
improving the previous best deterministic bound of O(n!/3 log n) amor-
tized time per update and query [7]; maximal spanning forest decom-
position of order k in O(k log? n) amortized time per update, improv-
ing the previous best deterministic bound of O(kn'/3logn) amortized

1Unless otherwise stated, all logarithms are base 2, and we let log 2z = max{1,log, =},
so log x is never less than 1



time per update [7]. All these results match the best known random-

ized bounds. For graphs with n vertices and m edges, the algorithms

use O(m+nlogn) space. Note that our algorithm for maintaining an

14-€e-approximate Minimum Spanning Forest is, to our best knowledge,

the first deterministic algorithm for solving this specific problem.
This work is based on [13].

2 Preliminaries and Notations

We define a graph property as follows: let G = (V, E) be an undirected
graph; a property P on G is a function which either:

1. maps G = (V,E) to true or false (e.g.: P(G) = true iff G is
connected), or

2. maps the tuple (G, v,w) to true or false for each u,v € V (e.g.:
P(G,v,w) = true iff u and v are connected in G), or

3. maps G into a subgraph G’ (e.g.: P(G) = F, where F is a
spanning forest of G).

If G is an undirected graph, we let V(G) be the vertex set of G, and
E(G) the edge set of G. A graph G’ is a subgraph of G, indicated as
G' CG,if E(G") C E(G) and V(G') CV(G). A spanning forest F of
G is an acyclic subgraph of G with the same connected components
as G. The edges in E(F') will be referred to as tree-edges, and those
in E(G)\ E(F) as nontree-edges. If G is a graph with weight function
w: E — R, a Minimum Spanning Forest (in short, MSF) for G is a
spanning forest I with minimum total weight w(F') = 3 cp(p) w(e).
In the static case, a MSF can be computed applying any combination
of the following properties [17]:

Cut Property The MSF is constructed one edge at a time. At each
step, find a cut in G which contains no edges in the current
forest, and add the edge with minimum weight crossing the cut.

Cycle Property The MSF is constructed removing one edge at a
time from G. At each step, find a cycle in the remaining graph,
and remove the edge in the cycle with maximum weight.

These rules applies also to the dynamic case, and will be exploited in
section 4.1.

3 Deterministic connectivity algorithm

One of the main components of our algorithms is the deterministic
dynamic connectivity algorithm developed by Holm, de Lichtenberg



and Thorup [10]. This algorithm can maintain a spanning forest of
a graph, subject to edge insertions and deletions, in polylogarithmic
time per update; it is deterministic, and uses only simple data struc-
tures. The result of Holm et al. can be stated by the following

Theorem 1 (Holm, de Lichtenberg and Thorup [10]) Given a
graph G with m edges and n vertices, there exists a deterministic fully
dynamic algorithm that answers connectivity queries in O(logn/loglogn)
time worst case, and uses O(log2 n) amortized time per insertion or
deletion of edges. The space required is O(m + nlogn).

We refer the interested reader to the given reference for details.

4 Deterministic Algorithms for Dynamic
Graph Problems

As shown in [6], many dynamic graph problems can be solved by
reduction to the connectivity problem; in this section we exploit some
of these reductions to present deterministic algorithms for maintaining
properties on dynamic graphs.

4.1 k-weight Minimum Spanning Forest

In the k-weight Minimum Spanning Forest problem, we are given a
graph G = (V, E) with at most k different edge weights at any time,
for a fixed £ > 1. We are asked to maintain a spanning forest of
minimum weight as edges are inserted and deleted from G.

Instead of using directly the reduction from [6], it is preferable
to consider a simplified version of the problem, in which the weights
are limited to the set {1,2,...,k}. Let F' be a minimum spanning
forest of G, and for every e € E(G), let w(e) denote the weight of e
(here we are assuming w(e) € {1,2,...,k}). Fori = 1,2,...,k, we
let E; ={e € E(G) | w(e) =i} UE(F), and let G; = (V, E;). After
each update, the invariant that F(G;) = {edges of weight i} U E(F)
is maintained.

For every ¢, we can maintain a spanning forest F; of G; using the
dynamic connectivity algorithm (note that, in general F; # F); F; and
the minimum spanning forest F are also stored in dynamic trees [16].
Now we describe how to deal with insertions and deletions of edges.

To insert an edge {u,v}: If u and v are not connected in F, the
new spanning forest is F'U{u,v}; to preserve the invariant, then
new edge is inserted in G;, for each 1 =1,2,..., k.

4



If u and v are connected in F', then using the dynamic tree for
F, we can find the maximum weight edge e on the path from
to v in F. If the weight of e is greater than the weight of {u, v},
we can replace e by {u,v} in F, updating the E; to reflect the
changes in F'; otherwise, {u, v} is just added to G {yu}-

To delete an edge {u,v}: Remove {u,v} from all data structures
containing it (updating the local spanning forests). If {u, v} was
in F', the tree T containing it is split in two subtrees T,, and T,.
In that case, we first, we find the minimum [ such that v and
v are connected in G;. Then, we can find a replacement edge,
if one exists, performing a binary search on the path connecting
u and v in F;. Let z be a midpoint of the path: if v and =z
are connected in F', then recurse on the path from z to v, else
recurse on the path from u to x, until the edge f of F; crossing
the cut in T is found. Then f is inserted into F' and into every
Gii=1,2,...,k

Correctness: We start by observing that the above algorithm main-
tains the invariant: for i = 1,2,...,k, E; = {edges of weight i} U
E(F). When an edge is inserted, we can decide if and how F' changes
using the dynamic tree representing it. When an edge {u, v} is deleted,
u and v are connected in F} iff there is a replacement edge of weight j.
The minimum weight replacement edge can be found using a binary
search on the path connecting v and v in Fj}.

Running time: After an edge insertion, we can compute in O(logn)
time how the MSF changes, using the dynamic tree representing it.
After that, the data structures can be updated in O(klog®n) amor-
tized time. The amortized complexity of an edge insertion is thus
O(klog?n).

After the deletion of an edge {u, v}, we may have to update all G;, i =
1,2,...,k, for atotal cost of O(klog®n). Then, it takes O(klogn/loglogn)
time to find the minimum [ such that u and v are connected in Fj (re-
member that a connectivity query on a graph G; takes O(logn/loglogn)
worst-case time). The midpoint of the tree path between u and v in
F; can be found in O(logn) time using the dynamic tree representa-
tion of F (this is not a standard dynamic tree operation, but can be
implemented easily [8]); the algorithm recurses at most logn times to
determine the replacement edge for {u, v}, for a total cost of O(log?n).
The amortized complexity of an edge deletion is thus O(klog?n).

Generalization: The above algorithm, with few changes, can be
generalized for the case in which the graph G has at most k arbitrary
different edge weights at any time (thus obtaining the reduction in [6]).
Suppose we start with a graph G with [ < k different edge weights



w1, Wa, ..., w;. After computing a minimum spanning forest F', we
let E; = {edges with weight of rank i} U E(F) for i = 1,2,...,k, and
we let G; = (V, E;); if there are | < k different edge weights, | — k
subgraphs will be coincident with the MSF F. Adopting the same
terminology used in [6], we call these subgraphs eztras. The subgraphs
G are kept ordered according to the weight of their edge set and stored
in a balanced binary tree.

When an edge e with a new weight is inserted into GG, then a new sub-
graph is created by adding e to an extra, and inserting that extra into
the ordering of the other GG;. Symmetrically, when e is the only edge
of its weight and is removed from G, then the subgraph containing it
becomes an extra. These two operations can be performed in O(log k)
worst-case time, so they have no impact on the overall running time
of insertions and deletions of edges in G. Note that every update to F’
causes an update to every G; (including every extra). Note also that,
after the deletion of a tree-edge {u,v}, we can find the replacement
edge, if any, performing a binary search on the sequence of graphs,
rather than a linear search. So, we can maintain a MSF of a graph
with at most k arbitrarily different edge weights, supporting insertions
and deletions of edges in O(klog®n) amortized time per update.

4.2 1+4eApproximate Minimum Spanning For-
est

Definition 1 Let G be an undirected graph with weight function w :
E — [1,U], for a given U > 1. Let F,;, be a minimum spanning forest
for G. A spanning forest F' is a 1+€-approrimate minimum spanning
forest, for a given € > 0, if

w(F) < (1+ e)w(Fn)

The problem of maintaining an 14e-approximation of a MSF can
be reduced to the k-weight MSF. We present a reworked version of
the reduction presented in [6], with a complete proof of correctness.

Theorem 2 Let G = (V, E) be an undirected graph with weight func-
tion w: E — [1,U], for some constant U > 1. Given ¢ > 0, let N =
logU/log(1 + €)|. Define the function h(x) : [1,U] — {0,1,...,N}
as
h(x) = LlOg(1+€) .I‘J

If F is a MSF for G w.r.t. the weight function how (where (how)(x)
is, by definition, h(w(z))), then F is an 1+e-approzimate MSF for G
w.r.t. the weight function w.



Proof. If F = F,,, the theorem follows. Suppose F # F,,; we will
prove the theorem by transforming F;, into F, replacing one edge of
E(F,,)\ E(F) with one of E(F)\ E(F,,) at a time. We call the edges
in E(F)\ E(F,,) white edges, those in E(Fy,)\ E(F) black edges and
those in E(F) N E(F,,) grey edges. So, edges in F' are white or grey,
and those in F;,, are black or grey.

The idea behind the transformation is to replace every black edge
in F},, with a white edge, until no more black edges exist. The following
algorithm compute the transformation.

Require: F is a MSF w.r.t. how, F, is a MSF w.r.t w.
Ensure: F* = F
begin
F*:=F,,
for all white edges e € E(F) \ E(Fy,)
(*) Let f be the heaviest black edge, w.r.t how,
on the cycle induced by e in F™*
(**)  Fr=F"\{f}U{e}
end for
end

The algorithm maintains a spanning forest F* of the graph, start-
ing with F* = F},,; at each step, it finds a black edge in F* which then
replaces with a white edge not already in F*, until no more black
edges exist. At that point, F* = F.

In the following, we will use the following notation: given a set of
edges S, an edge e € S is w-heaviest if it is the heaviest edge in §
with respect to the weight function w. e is h o w-heaviest if it is the
heaviest edge in S w.r.t the weight function h o w.

Observe the following facts:

Fact 1 On line (*) we have to select the h o w-heaviest black edge
in the cycle C induced by the insertion of e in F* (such a cycle
exists because F™* is a spanning forest of GG, and e is an edge of
G not already in F*). Note that C' must contain at least one
black edge; if it did not, all edges in C' would be white or grey,
that is, all edges in C' would be in E(F'), but this is impossible
because F' is a forest.

The black edge f has the property that, for every edge e € C,|
h(w(f)) > h(w(e)), because the h o w-heaviest edge in C' can’t
be white or gray.



Fact 2 w(e) — w(f) < ew(f), where e, f are the edges considered on
line (**) of the algorithm. That is because f is the how-heaviest
edge in C; so, for every x € C

h(w(f)) = h(w(x)) (1)

But f is a black edge, so it can’t be the w-heaviest edge in C;
there exists a white edge g € C such that, for every y € C

w(g) > w(y) (2)

Observe that h is monotone, so from (2) we can deduce that
h(w(g)) > h(w(y)). Substituting g for y in (1), and f for x
in (2), we obtain

h(w(g)) = h(w(f))

which immediately implies w(g) — w(f) < ew(f), and because
w(e) < w(g) (by (2)), we conclude

w(e) —w(f) <w(g) —w(f) < ew(f) (3)

The algorithm implicitly defines a one-to-one mapping ¢ : E(F) —
E(F,,) as:

é(e) = e if e is a grey edge (and thus never replaced in F*
) f if f is replaced by e in F* on line (**)

The function ¢ has the property that w(e) — w(¢p(e)) < ew(p(e))
(see (3)), so

w(F) —w(Fy,) = ZeeE(F) w(e) — ZeEE(Fm) w(e)
2een(r) (w(e) —w(g(e)) (4)
€ ZeeE(F) w(d(e)) = ew(Fp)

which concludes the proof. 0

IN

4.3 Bipartiteness

A graph G = (V, E) is bipartite iff its vertex set V' can be partitioned in
two nonempty, disjoint subsets V1, V5, such that every edge e € E has
exactly one endpoint in V; and the other in V5. In the fully dynamic
bipartiteness problem we have to answer the query “is G bipartite?”,
as edges are inserted and deleted.

As shown in [6], this problem can be reduced to the 2-weight mini-
mum spanning forest problem: a graph is bipartite iff, given any span-
ning forest F', each nontree-edge forms a cycle of even length with F.



So, first we compute a spanning forest F' of G; the edges in F', and
those who induce an even cycle with F', are given weight 0 and are
called even edges. The remaining edges, called odd edges, are given
weight 1.

When an edge e is inserted, we can compute the parity of e using
the dynamic tree representation of F’; e is then inserted into the
graph as in the 2-weight MSF problem.

When an edge ¢ is deleted, if it is a nontree-edge, it is simply re-
moved. If e is a tree-edge, and is replaced by an odd edge,
then the parity of all edges crossing the cut in F' have to change
(see [13] for a proof); to do so, we delete the replacement edge
and search for the next replacement, delete it and so on until no
more replacements exist. Then, we give all replacement edges
weight 0, and reinsert them back into G.

Correctness: When an edge is inserted, we can determine its parity
using the dynamic trees representing F'. When an edge is deleted, we
replace it with an even edge if possible; if this is not possible, then
the parity of all the edges crossing the cut have to be changed. We
can do that deleting all replacement edges, and reinserting them with
weight 0.

Running Time: For the analysis of the running time, note that
an even edge never becomes odd. Every edge can be inserted into the
data structure at most twice, once with weight 1 and once with weight
0. Thus, an edge insertion or deletion can be performed in O(log2 n)
amortized time.

A faster algorithm for planar graphs: It turns out that if we can
maintain a minimum spanning forest of a (two) weighted graph G with
n vertices, supporting edge insertions and deletions in time O(f(n)),
then there exists an algorithm for testing if the graph is bipartite in
O(1) time, supporting updates in O(f(n) +logn) time per operation.
For the general case described before, we had f(n) = log? n, so we can
perform insertions and deletions of edges in O(log?n) amortized time
per operation. But for plane graphs, the deterministic algorithm by
Eppstein et al. [2] can maintain a minimum spanning forest in O(log n)
time per update. So, applying the same reduction, we can test if a
plane graph is bipartite in O(1) worst-case time, supporting updates
in O(logn) time per operation.

4.4 k-edge Witness Problem

The dynamic connectivity algorithm can be used to solve the k-edge
Witness Problem: for a given graph G, does the removal of k given



edges eq,eq,..., e disconnect two vertices v and v? If the graph G
is kept in a fully dynamic connectivity data structure, to solve this
problem:

1. Remove the edges ey, ea,...,e; in O(klog?n) time;

2. Test if u and v are connected, in O(logn/loglogn) worst-case
time;

3. Reinsert the edges e, es,...,¢e; in O(kzlog2 n) time.

So, given a graph G with n vertices, we can test if the removal of
k given edges disconnects two vertices u and v in O(klog®n) amor-
tized time, supporting insertions and deletions of edges in O(log2 n)
amortized time.

4.5 Cycle-equivalence

Definition 2 Let G = (V, E) be an undirected graph. Two edges e;
and e are cycle-equivalent iff every cycle containing e1 also contains
€9.

As pointed out by Henzinger [5], computing cycle-equivalence is
useful in many compilation problems (see for example [4, 11, 12]).
The cycle-equivalence problem can be reduced to the 2-edge witness
problem by the following

Lemma 1 (Henzinger [5]) Let G be an undirected graph. Two edges
er = {z,y} and ea = {u,v} are cycle-equivalent iff x,y are discon-
nected in G\ {e1,e2}, and u,v are disconnected in G \ {e1,e2}.

Thus, given a graph G with n vertices, we can test if two edges
are cycle-equivalent in O(log2 n) amortized time, supporting edge in-
sertions and deletions in O(log? n) amortized time per operation.

4.6 Maximal Spanning Forest Decomposition

Given a graph G with n vertices, and an integer k£ > 1, a mazimal
spanning forest decomposition of order k for G is a sequence of forests
Fi, F,, ..., F such that F; is a spanning forest of the graph G; =
G \ Uj<;F}j. This decomposition is important because the graph U;F;
has O(kn) edges and has the same k-edge connected components as
G [14]. We can maintain each graph G; and each spanning forest F;
using a dynamic connectivity data structure.
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When an edge e is inserted, it is inserted in every Gj;, starting
from G1, updating the local spanning forest F;. If e is inserted
into Fj, then for j > i, e can’t appear in G, so the procedure
stops; otherwise, e is inserted into Gj1.

When an edge ¢ is deleted, it is removed from all structures con-
taining it, starting from G;. At each step, if e was in F;, then it
did not appear in G, j > i, so the procedure stops; otherwise, e
is removed from Gj41.

5 Conclusions

In this paper we have presented deterministic fully dynamic algorithms
for maintaining special types of Minimum Spanning Forests, and for
connectivity-related problems on graphs. The algorithms are obtained
combining a recent result by Holm et al. [10], with general reductions
by Henzinger and King [7]. This gives the first deterministic algo-
rithms for maintaining these properties in polylogarithmic time per
update. Also, only simple data structures are required, so the algo-
rithms may be easily implemented in practice.

Of course, there is still room for further work on this topic: pri-
marily, other problems could be solved by reduction to the dynamic
connectivity problem. Developing the right reduction could yield to
faster algorithms.

Also, it should be noted that the reductions used here are fairly
independent from the underlying connectivity algorithm. However,
these reductions introduce an overhead which we could not afford if
faster connectivity algorithms were discovered. In particular, in the
k-weight MSF algorithm it takes O(log?n) time to find the correct
replacement after an edge deletion; do there exist more efficient re-
ductions which could be applied on top of faster dynamic connectivity
algorithms?
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